Higher degree Euler-Lagrange partial differential equations of a Lagrangian depending on an arbitrary number of independent and dependent variables are considered in the general geometric framework of jet prolongations of fibered manifolds. We consider variations of sections of bundles induced by the class of parametrized transformations defined by the gauge-natural lift of infinitesimal principal automorphisms. Variation vector fields turn out to be Lie derivatives of sections of the gauge-natural bundle with respect to such gauge-natural lifts and they generate certain Noether identities on the kernel of a generalized Jacobi morphism. Such a class of infinitesimal transformations induces then a variational sequence where the generalized Jacobi morphism is naturally self-adjoint. Being the generalized gauge-natural Jacobi morphism self-adjoint, its kernel defines a reductive split structure on the relevant underlying principal bundle.
Introduction
Since jet spaces and formal derivatives are a natural geometric framework for the representation of partial differential equations, differential-geometric formulations of calculus of variations on jet spaces have been proposed (see, e.g. [2, 11, 16, 18, 19, 21, 26, 34, 36, 38, 39] ). Within this formulations the differential operator transforming Lagrangians to Euler-Lagrange expressions is nothing but a sheaf morphism of a certain sheaf sequence, thus providing two related frames [41] : the infinite order variational bicomplexes and finite order Krupka's variational sequences. We work within the framework of finite order variational sequences by considering variational derivatives of gauge-natural invariant Lagrangians of arbitrary order in the general case of n independent variables and m unknown functions. As well known, following Noether's theory [25] , from invariance properties of the Lagrangian the existence of suitable conserved currents and identities can be deduced. Within such a picture generalized Bergmann-Bianchi identities [3, 1] are necessary and (locally) sufficient conditions for a Noether conserved current to be not only closed but also the divergence of a tensor density -called a superpotential -along solutions of Euler-Lagrange equations. In a series of papers [28, 29, 9, 10, 30] we proposed an approach to deal with the problem of covariance and uniqueness of conserved quantities which uses variational derivatives taken with respect to the class of (generalized) variation vector fields being Lie derivatives of sections of bundles by gauge-natural lifts of infinitesimal principal automorphisms. Such variational derivatives can be suitably interpreted as vertical differentials [8] .
It is well known that the second variational derivative, generalizing invariantly the classical Hessian morphism, can be described as the vertical differential of the Euler-Lagrange morphism which generalizes the classical Jacobi morphism and turns out to be -we stress up to horizontal differentialsself-adjoint along solutions of the Euler-Lagrange equations [8] .
We recall as in their stemming paper on the Hamilton-Cartan formalism in the calculus of vatiations [11] , Goldschmidt and Sternberg proved that the Jacobi morphism is self-adjoint along solutions of the Euler-Lagrange equations of first order Lagrangians in field theory. They proved within the geometric framework of jets of fibered manifolds that the Hessian morphism, which is nothing but the second variation of the action integral of a Lagrangian, is in fact a simmetric bilinear morphism. Their proof is based on the fact that variations are choosen (as usual) to be vanishing on the boundary of the integration manifold, so that divergences terms -appearing when integrating by parts the integrands -go to zero on the boundary because of duality between chains and cochains. The Hessian morphism is in fact symmetric up to a term wich is a total divergence and vanishes following standard arguments in Calculus of Variations. As an immediate consequence of the symmetry properties of the Hessian, the latter being the integral of the contraction of the Jacobi morphism with a variation vector field, the Jacobi morphism itself is self-adjoint. This result their used for an important application of the Morse index Theorem (referreing to [35] ).
We obtain an analogous result concerning the self-adjointness of the generalized Jacobi morphism defined as a higher degree Euler-Lagrange differential morphism in the finite order variational sequence defined on an extended space. The argument of sending to zero terms wich are divergences on the boundary cannot be used anymore, since our formulation of the calculus of variations on fibered manifolds is completely free from integrals. Variational objects such as Euler-Lagrange equations -and thus all higher degree generalizations such as Bergamnn-Bianchi identities, generalized Noether identities, generalized Jacobi equations -are obtained by means of the exterior differential operator acting on sheaves of differential forms (in general of differential fibered morphisms). Generally speaking, one takes suitably defined quotient differential morphisms within a differential sequence of quotient sheaves of differential forms. The problem of dealing with local divergences which appear in global decomposition (integration by parts) formulae (see e.g. [14, 38, 39] ) can be solved by using the intrinsic properties of the variational sequence itself and the very nature of variation vector fields we choose (vertical parts of gauge-natural lifts).
Finite order jets of gauge-natural bundles
We recall in this section some basic definitions and results from the theory of jet spaces [16, 21, 22, 26, 34] .
Let π : Y → X be a fibered manifold, with dim X = n and dim Y = n + m. For s ≥ q ≥ 0 integers we are concerned with the s-jet space J s Y of s-jet prolongations of (local) sections of π; in particular, we set J 0 Y ≡ Y . We recall the natural fiberings π
and, among these, the affine fiberings π Greek indices σ, µ, . . . run from 1 to n and they label basis coordinates, while Latin indices i, j, . . . run from 1 to m and label fibre coordinates, unless otherwise specified. We denote multi-indices of dimension n by boldface Greek letters such as α = (α 1 , . . . , α n ), with 0 ≤ α µ , µ = 1, . . . , n; by an abuse of notation, we denote by σ the multi-index such that α µ = 0, if µ = σ, α µ = 1, if µ = σ. We also set |α| . 
where
A vector field ξ on Y is said to be vertical if it has values into V Y . A vertical vector field can be conveniently prolonged to a vertical vector field
The vector field j s ξ is characterized by the fact that its flow is the natural prolongation of the flow of ξ. In coordinates, if
We shall call Ξ H and Ξ V the horizontal and the vertical part of Ξ, respectively.
The above splitting induces also a decomposition of the exterior differential on Y , (π r+1 r 
Gauge-natural bundles and Lie derivative of sections
Let P → X be a principal bundle with structure group G. Let r ≤ k be integers and
the semidirect product with respect to the action of GL k (n) on G r n given by the jet composition and GL k (n) is the group of k-frames in IR n . Here we denote by G r n the space of (r, n)-velocities on G [16] . The bundle W (r,k) P is a principal bundle over X with structure group W (r,k) n G. Let F be any manifold and ζ :
There is a naturally defined right action of W (r,k) n G on W (r,k) P × F so that we can associate in a standard way to W (r,k) P the bundle, on the given basis X,
Definition 1 We say (Y ζ , X, π ζ ; F , G) to be the gauge-natural bundle of order (r, k) associated to the principal bundle W (r,k) P by means of the left action ζ of the group W (r,k) G on the manifold F [5, 16] .
When omitting the subscript ζ, all our considerations shall refer to Y as a gauge-natural bundle as defined above.
A principal automorphism Φ of W (r,k) P induces an automorphism of the gauge-natural bundle by:
wheref ∈ F and [·, ·] ζ is the equivalence class induced by the action ζ. Denote by A (r,k) the sheaf of right invariant vector fields on W (r,k) P . A functorial map G is defined which lifts any right-invariant local automorphism (Φ, φ) of the principal bundle W (r,k) P into a unique local automorphism (Φ ζ , φ) of the associated bundle Y ζ . Its infinitesimal version defines the gauge-natural lift in the following way:
where, for any y ∈ Y ζ , one sets:
, and Φ ζ t denotes the (local) flow corresponding to the gauge-natural lift of Φ t . Such a functor defines a class of parametrized contact transformations.
This mapping fulfils the following properties (see [16] ): G is linear over id
Definition 2 Let γ be a (local) section of Y ζ ,Ξ ∈ A (r,k) andΞ its gaugenatural lift. Following [16] 
(r,k) . We remark that, for any gauge-natural lift, the fundamental relation hold true:
Variational sequences and Noether Theorems
The splitting (1) induces splittings in the spaces of forms [40] ; here and in the sequel we implicitly use identifications between spaces of forms and spaces of bundle morphisms which are standard in the calculus of variations (see, e.g. According to [19, 40] , the fibered splitting (1) yields the sheaf splitting H * α can be split into a part containing top degree horizontal forms and a part containing more contact factors (see, e.g. , [19, 40] ).
By an abuse of notation, let us denote by d ker h the sheaf generated by the presheaf d ker h in the standard way. We set Θ * s . = ker h + d ker h. In [19] it was proved that the following s-th order variational sequence associated with the fibered manifold Y → X is an exact resolution of the constant sheaf IR Y over Y :
where the integer I depends on the dimension of the fibers of Y (see [19] 
such that (π 2s+1 s+1 ) * α = E α − F α and F α is locally of the form
; then there is a unique morphism
, where C 1 1 stands for tensor contraction on the first factor and ⌋ denotes inner product (see [17, 40] ). Furthermore, there is a unique pair of sheaf morphisms
such that (π 
A section λ ∈ V n s is just a Lagrangian of order (s + 1) of the standard literature. Furthermore E n (λ) ∈ V n+1 s coincides with the standard higher order Euler-Lagrange morphism associated with λ. Let γ ∈ Λ n+1 s . The morphism
, where square brackets denote equivalence class, is called the generalized Helmholtz morphism; its kernel coincides with Helmholtz conditions of local variationality. We shall integrate by parts the morphism K η to provide a suitable representation of the generalized Jacobi morphism associated with λ [8, 28, 29] .
The standard Lie derivative of fibered morphisms with respect to a projectable vector field j s Ξ passes to the quotient in the variational sequence [7] . The variational Lie derivative L jsΞ acts on equivalence classes of fibered morphisms which are sections of the quotient sheaves in the variational sequence. In particular, the following two results hold true [7] , to which for evident reasons we will refer as the First and the Second Noether Theorem, respectively.
. Then we have globally (up to pull-backs)
Reductive structure
Let λ be a Lagrangian and letΞ V be considered a variation vector field ( [11, 8, 27] ).
Let us set χ(λ,Ξ V )
Because of linearity properties of K hdL j 2sΞV λ [17] , by using a global decomposition formula due to Kolář [14] , we can decompose the morphism defined above as χ(λ,Ξ V ) = E χ(λ,ΞV ) + F χ(λ,ΞV ) , where F χ(λ,ΞV ) is a local horizontal differential which can be globalized by fixing of a connection; however we will not fix any connection a priori in the present paper. Such a decomposition is a kind of integration by parts, which provides us with a globally defined gauge-natural morphism playing a quite relevant rôle in the theory of conserved quantities for gaugenatural invariant Lagrangians [9, 10, 28, 29, 30, 32, 43] .
Definition 3
We call the morphism J (λ,Ξ V ) . = E χ(λ,ΞV ) the gauge-natural generalized Jacobi morphism associated with the Lagrangian λ and the variation vector fieldΞ V .
The morphism J (λ,Ξ V ) is a linear morphism with respect to the projection
Such a morphisms has been also represented on finite order variational sequence modulo horizontal differentials [8] and thereby proved to be self-adjont along solutions of the Euler-Lagrange equations, a result already well known for first order field theories [11] . By resorting to the relation with the Hessian morphism [31] , we shall prove here the same property in finite order variational sequences on gauge-natural bundles without quotienting out horizontal differentials. First we recall the relation of the Jacobi morphism with the gauge-natural second variational derivative [28, 29] . Let δ 2 G λ be the variation of λ with respect to vertical parts of gauge-natural lifts of infinitesimal principal automorphisms. We have:
Definition 4
We say λ to be a gauge-natural invariant Lagrangian if the gaugenatural lift (Ξ, ξ) of any vector fieldΞ ∈ A (r,k) is a symmetry for λ, i.e. if L js+1Ξ λ = 0. In this case the projectable vector fieldΞ ≡ G(Ξ) is called a gauge-natural symmetry of λ.
Let λ ∈ V n s be a gauge-natural Lagrangian and (Ξ, ξ) a gauge-natural symmetry of λ. As an immediate consequence of Theorem 1 we have
where we put ω(λ,Ξ V ) . = −£Ξ⌋E n (λ) . =Ξ V ⌋E n (λ). Following essentially the procedure proposed by Bergmann in [3] , we can invariantly integrate by parts the left hand side of the above Noether equation.
Definition 5 The global morphism β(λ,Ξ V )
. = E ω(λ,ΞV ) is the generalized Bergmann-Bianchi morphism associated with the Lagrangian λ and the variation vector fieldΞ V .
Coordinate expressions for the morphisms β(λ,Ξ V ) can be found by a backwards procedure (see e.g. [14] ). In particular, notice that β(λ,Ξ V ) is nothing but the Euler-Lagrange morphism associated with the new Lagrangian ω(λ,Ξ V ) defined on the fibered manifold
G λ is exactly the gauge-natural Hessian morphism associated with λ (see also [8] and in particular [11] for a definition of the Hessian morphism for first order field theories).
In the following we prove that both the Hessian and the Jacobi Morphism are self-adjoint (see e.g. [11, 33] for the intrinsic definition of a self-adjoint differential morphism/operator).
Proposition 1
The Hessian and thus the Jacobi morphism are symmetric selfadjoint morphisms.
Let K be the kernel of the generalized gauge-natural morphism J (λ,Ξ V ). It defines the following variational linear PDEs, namely generalized gauge-natural Jacobi equations,
the solutions of which we call generalized Jacobi vector fields.
In [28] we proved that the generalized Bergmann-Bianchi morphism is globally vanishing if and only if δ 2 G λ ≡ J (λ,Ξ V ) = 0, i.e. if and only ifΞ V ∈ K. This fact is relevant for the characterization of canonical covariant conserved Noether currents [29] .
Because of linearity properties of the Lie derivative of sections of gaugenatural bundles, we can consider the form ω(λ,Ξ V ) . = −£Ξ⌋E n (λ) as a new Lagrangian defined on an extended space J 2s (A (r,k) × Y Y ). This Lagrangian plays a very important rôle in the study of conserved quantities. In fact, it is for example remarkable that when ω(λ,Ξ V ) is an horizontal differential (i.e. a null Lagrangian) from the First Noether Theorem 1 we get a conservation law which holds true along any section of the gauge natural bundle (not only along solutions of the Euler-Lagrange equations).
It is also remarkable that the new Lagrangian ω, in principle, is not gaugenatural invariant. In fact from the gauge-natural invariance of λ we only infer that, for anyΞ, ΞV ] λ and a priori neither [Ξ H ,Ξ V ] = 0 nor it is the gauge-natural lift of some infinitesimal principal automorphism. Nevertheless, along the kernel of the gauge-natural generalized gauge-natural Jacobi morphism the new Lagrangian ω(λ,Ξ V ) is invariant and satisfies Noether identities. In fact, by using Bergmann-Bianchi identities the (divergence, because of linearity) term E n (j s G(Ξ V )⌋h(L js+1ΞV λ)) vanishes, thus ensuring that L js+1ΞH [L js+1ΞV λ] ≡ 0. Then Bergmann-Bianchi identities are equivalent to the invariance condition L js+1Ξ [L js+1ΞV λ] ≡ 0.
Theorem 3
The kernel K defines a reductive structure on W (r+4s,k+4s) P .
Proof. The kernel of the gauge-natural Jacobi morphism is a vector subbundle of the vector bundle J 4s V A (r,k) being the kernel of a higher degree Euler-Lagrange morphism defined on an extended space, thus it is of constant rank. Being the Jacobi morphism self-adjoint defines a split structure (see e.g. [12] and references therein) on W (r+4s,k+4s) P . Let h be the Lie algebra of the Lie group W (r+4s,k+4s) G and k the Lie subalgebra of generalized Jacobi vector fields which are solutions of generalized Jacobi equations.
We have the split structure h = k ⊕ m. The Lie derivative of a solution of Euler-Lagrange equations with respect to a Jacobi vector field is again a solution of Euler-Lagrange equations. However, the Lie derivative with respect to vertical parts of the commutator between a Jacobi vector field and (a vertical part of) a gauge-natural lift not lying in K is not a solution of Euler-Lagrange equations. Thus it is easy to see that the split structure is also a reductive structure, being [k, m] = m.
QED
Thus generalized Jacobi vector fields define a kind of reductive gauge-natural lift and correspondently a reductive Lie derivative of sections of gauge-natural bundles according with [12] .
